ABSTRACT. For 0 < q < 1 and 0 < α < 1, we construct the infinite dimensional q-Gamma white noise measure γ α,q by using the Bochner-Minlos theorem. Then we give the chaos decomposition of an L 2 space with respect to the measure γ α,q via an isomorphism with the 1-mode type interacting Fock space associated to the q-Gamma measure.
Introduction and preliminaries
White noise can be informally regarded as a stochastic process which is independent at different times and is identically distributed with zero mean and infinite variance. T. H i d a introduced the theory of white noise in 1975. Nowadays, this theory has been applied to stochastic integration, stochastic partial differential equation, stochastic variational equation, infinite dimensional harmonic analysis, Dirichlet forms, quantum field theory, Feynman integral and quantum probability. For the non-Gaussian white noise analysis, Y. I t o constructed the Poissonian counterpart of Hida's theory and K o n d r a t i e v et al. [8] established a purely non-Gaussian distribution theory in infinite dimensional analysis by means of a normalized Laplace transform, and B a r h o u m i et al. [1] developed the introduction of infinite dimensional Gegenbauer white noise.
On the other hand, a q-deformation of some orthogonal polynomials and their associated measure were introduced. We put for n ∈ N, Another quite frequently used symbol is the q-analogue of the Pochhammer symbol:
(a; q) 0 := 1 and (a; q) n := n−1
It is easy to see that for all integers n
(See [7] , [9] ). The q-gamma function
was introduced by T h o m a c in 1869 and later by J a c k s o n in 1904. In 1847, H e i n e gave an equivalent definition, but without the factor (1 − q)
. When x = n + 1 with n a nonnegative integer, this definition reduces to
which clearly approaches n! as q −→ 1. The q-Gamma distribution is given by
and we can easily verify that its Fourier transform is given by:
The present paper elaborates an introduction of the q-Gamma white noise. The outline of our paper is as follows. In Section 2, we use the q-Gamma function to construct a standard nuclear triplet
by the Bochner-Minlos theorem. In Section 3, we define the q-Gamma white noise measure γ α,q on E α,q , B(E α,q ) and we define the q-type wick product by means of an orthogonal system of infinite dimensional q-Laguerre polynomials, and we investigate the chaos decomposition of the space
THE q-GAMMA WHITE NOISE
q-Gamma white noise measure
if σ = 0 and 0 < α < 1. Note that for σ = 1, we have the standard q-Gamma distribution:
In [7] , the q-Laguerre polynomials are defined by
where the basic hypergeometric series r φ s have the following forms:
They are orthogonal with respect to μ α,q since they verify
Therefore, if we put
we obtain an orthonormal basis {h n,q , n ∈ N} for the Hilbert space
. It is easy to show that for all n ∈ N, the function h n,q is an eigenvector of A q , namely
where | . | 0 and ., . are the norm and the inner product of H α,q , respectively. For p ≥ 0, let E p,α,q be the Hilbert space consisting of all f ∈ H α,q with | f | q < ∞, and E −p,α,q , the completion of H α,q with respect to
is of the Hilbert-Schmidt type, identifying H α,q with its dual space we come to real standard nuclear triplet
P r o o f. Obviously, C is continuous on E α,q and C(0) = 1. We shall prove that C is positive definite . For z 1 , . . . , z n ∈ C and ξ 1 , . . . , ξ n ∈ E α,q , we can see that n j,k=1
where l j (x) = z j e ix ξ j .
Ò Ø ÓÒ 2.2º The probability measure over E α,q , denoted by γ α,q , is defined by its Fourier transform (via the Bochner-Minlos Theorem) given by: 
It proves that the distribution of the random variable X ξ is the probability measure μ ξ α,q on R.
Ä ÑÑ 2.4º For all ξ ∈ H α,q we have
Then, we get
and it completes the proof.
q-Gamma isomorphism
Let us begin by introducing the q-type Gamma wick product.
Ò Ø ÓÒ 3.1º For ω ∈ E α,q and n = 0, 1, 2, . . . , we define the q-type Gamma wick product: : ω ⊗n : q ∈ (E α,q ) ⊗n as follows:
:
P r o o f. For ξ ∈ H α,q , ξ = 0, the image of the q-Gamma white noise measure γ α,q under the map
is the q-Gamma distribution μ α,q . Then we have
This gives the desired statement.
Let us denote F α,q (H α,q ) the following 1 − mode type interacting Fock space:
in the L 2 -sense. On the other hand, for any
The following unitary operator is called the q-Gamma isometry
It is easy to see that the set
of smooth continuous polynomials on E α,q is continuously and densely embedded in
We need to show for two polynomials φ, ψ given by, respectively,
In particular, the L 2 -norm of φ with respect to γ α,q is given by :
It is sufficient to prove the identity under the assumption
Taking a unit vector ζ ∈ E α,q such that ξ, ζ = 0, we may write
and we have :
Then we get
On the other hand, by using the independence of the two random variables ., ξ and ., ζ , we obtain
Therefore, the last integral is equal to 0 unless k = 0 and is 1 if k=0. Hence,
We conclude that
Since β = ξ, η , we have completed the proof of (3.9). Then, because of this and φ n and ψ n are linear combinations of elements of the form ξ ⊗n , ξ ∈ E α,q for all φ n , ψ n ∈ E ⊗n α,q we have:
: ω ⊗n : q, φ n : ω ⊗ m : q, ψ m dγ α,q (ω) = (q α+1 ; q) n (q; q) n q n φ n , ψ n × δ m,n .
It follows from (3.7) and (3.8) that 
Remark 3.10º
In this paper we constructed the infinite dimensional q-Gamma white noise, in particular the q-Gamma Gel'fand triple was obtained. We can use it to develop a new theory of the q-Gamma white noise as analogue of Hida's theory in the white noise setting. Also a space of holomorphic functions on the complexification of E α,q with θ-exponential growth which is the analogue of the Gaussian case (where θ is the Young function) can be introduced. We expect to develop a new quantum q-Gamma white noise operator theory as an analogue of the quantum white noise operator theory, (see [2] - [6] , [11] - [13] ).
